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1. I ntroduct $\mathrm{i}$ on
Let $\chi$ be a comPact Hausdorff space and let $B(X)$
denote the Banach lattice of all real-valued bounded
functions on $X$ wi th the supremum norm $||\cdot||$ . $C(X)$ denotes
the closed sublattice of $B(X)$ consisting of all
real-valued continuCus functions on X. Let $P>0$ and let
$G$ be a subset of $C(X)$ separating the points of $X$ .
For a bounded linear operator $L$ of $C(X)$ into $B(X)$
and a function $g\in G$ , we define
$u^{(p)}(L$ ; 9 $)$ $(y)$ $=L$ (I $g-g(y)1|^{\mathrm{P}}x$ ) $(y)$ ( $y\epsilon$ X) ,
wher $\mathrm{e}1_{\chi}\mathrm{i}\mathrm{s}$ the unit function $\mathrm{d}\mathrm{e}\mathrm{f}$ ined by $1_{\chi}(t)$ $=$ $1$ for
all $t\in X$ . Also, $L$ is said to be unital if $L(1_{X})$ $=$ $1_{X}$ .
Let { $L_{\alpha}$ : cx $\epsilon D$ } be a net of positive linear operators of
$C(X)$ into $B(X)$ and Put
$\mu_{\alpha}(p)(g)$ $=$ $\mu(p)(L_{\alpha^{;\mathit{9}}})$ (ct $\epsilon D$ , $g\in$ G) ,
whose norm is called the p-th moment for $L_{\alpha}$ with respect
to $g$ .
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In [131 we proved the following convergence theorems,
which may play an important role in the study of
saturation property for $\{L_{\alpha}\}$ :
Theorem A. $If \lim|[\alpha\alpha u^{(p)}(g)$ II $=0$ for some $p>0$ and
for all $g\in G$ , and if there exists a strictby $Po\mathrm{s}\dot{\mathrm{t}}tive$
functton $u\in C(X)$ such that $\mathrm{l}\mathrm{i}\mathrm{m}_{\alpha}1|L_{\alpha}(u)$ – $u11$ $=0$ ,
then $\lim\alpha$ II $L_{\alpha}(f)$ - $f$ II $=0$ for every $f\in C(\chi)$ .
Theorem B. Let $T$ be a unitab postttve projection
operator on $\mathrm{C}(\mathrm{X})$ uith $T\neq I$ (tdentt $ty$ operator), such
that $L_{\alpha}T=T$ for ab $l\alpha\in$ D. $If \lim_{\alpha}|[L_{\alpha}(\mu(p)(T\cdot.g))$ II $=0$
for some $P>0$ and for all $g\in G$ ,
then $\lim_{\alpha}1|L_{\alpha}(f)$ – $T(f)$ Il $=0$ for every $f\in C(X)$ .
These results establish a generalized Korovkin-type
convergece theorem, and the Korovkin-type approximation
theory is extensively treated in the books of Altomare
and Campi $\mathrm{t}\mathrm{i}$ [11 , Donner [31 and Keimel and Roth [51.
Now, in [141 we gave a quantitative version of
Theorems A and $\mathrm{B}$ by using suitable moduli of continuity
of $f$ under certain requirements motivated by the work of
the author [121, whose results can be improved by mean $s$
of the higher order moments in [151 .
The purpose of this $\mathrm{P}\mathrm{a}\mathrm{P}\mathrm{e}\mathrm{r}$ is to refine these results
for approximation of functions having certain smoothness
properties by nets of unital positive linear operators
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of $\mathrm{C}(\mathrm{X})$ into $B(\mathrm{X})$ . Actually, the results of the author
[10. 111 can be improved by means of the $\mathrm{h}\mathrm{i}$ gher order
moments. Concrete examples of approximating operators
can be provided by the multidimensional Bernstein
operators. Further related results and applications can
be also found in [16] .
2. Results
Let X be a compact convex subset of a real locally
convex Hausdorff vector space $E$ and let $G=A(X)$ denote
the space of all real-valued continuous affine functions
on $\chi$ . If $f\in B(X)$ , $\delta\geq 0$ and if $\{g_{1}, g_{2} , , g_{\mathrm{m}}\}$ $\mathrm{i}s$ a
finite subset of $G$ , then we define
co $(f;g_{1}, \cdots, g_{m}, \delta)$ $= \sup\{|f(x) -f(y)| : x, y\epsilon X, d(x, \mathrm{y}) \leq\delta\}$ ,
where
$d(x, y)$ $= \max$ $\{ 1 g_{\dot{\mathrm{t}}}(x) - g_{\dot{\mathrm{t}}}(y)| : i=1, 2, , m\}$ .
This quantity is called the modulus of continuity of $f$
wi th $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{P}^{\mathrm{e}}\mathrm{C}\mathrm{t}$ to $g_{1}$ , $g_{2}$ , , $g_{m}$ .
Obviously, $\mathrm{J}0$ $(f. g_{1}, \cdot. , g_{m}, \cdot)$ $\mathrm{i}s$ a monotone increasing
funct ion on $[0 , \infty)$ , and there holds
(1) $(0(f\cdot. g_{1}. \cdots, g_{m}, \xi\delta)$ $\leq$ $(1+ 8)$ $\omega(f;g_{1}, \cdots. g_{lh}, \delta)$
for all $\xi$ , $\delta\geq 0$ (cf. [10. Lemma 1]).
A function $f\in C(X)$ is said to have the property
$(ftVP)$ if there exi $s\mathrm{t}$ a $\mathrm{f}$ inite sub $s$ et $\{f_{1} , f_{2} , \cdots, f_{r}\}$
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of $C(X)$ and a $\mathrm{f}$ inite subset $\{h_{1} , h_{2}, , h_{r}\}$ of $G$
such that
(2) $f(x)$ $-f(y)$ $\sum rf(\xi)ii(h_{i}(x) - h_{i}(y))$
$i=1$
for all $x$ , $y\in$ X. where each point $\xi_{i}$ is an internal
point of the segment joining $x$ and $y$ . In this event, we
sometimes say that $f$ has the property $(MVP)$ associated
with the system
(3) $\{f_{1}, f_{2} , \cdots, f_{\mathrm{r}} ; h_{1}, h_{2} , \cdots, h_{\mathrm{r}}\}$ .
Remark 1. Let $E=$ $\mathbb{R}^{r}$ , the $r$ -dimens ional Euclidean
space equipped with the metric
$d(x, y)$ $= \max$ $\{ | x_{i} - y|i : \dot{\mathrm{t}}=1 , 2 , ,. r\}$
for $x=$ $(x_{1} , \cdots. x_{r})$ , $y=$ $(y_{1} , , y_{r})$ $\in \mathbb{R}^{r}$ and let
$e_{i}$
, $\dot{\mathrm{t}}=$ $1$ , 2 , $\cdot$ . . , $r$ , be the i-th coordinate function $s$
on $X$ defined by
$e_{i}(x)$ $=x_{i}$ $(X= (x_{1}, x_{2} , \cdots, x_{\gamma}) \epsilon X)$ .
Then we have
co $(f\cdot. e_{1}, \cdots, e_{r}, \delta)$ $=\omega(f, \delta)$ ,
which is the usual modulus of continuity of $f$ .
Furthermore, every continuously differentiable function
$f$ on $\chi$ has the property $(\mu VP)$ associated with the system
$\{f_{1}$ , $f_{2}$ , $\cdot$ . . , $f_{r}$ ; $e_{1}$ , $e_{2}$ , $\cdot$ . . , $e_{r}\}$ . where
$f_{\dot{\mathrm{t}}}(x)$ $= \frac{8f}{8x_{\dot{\mathrm{t}}}}(x)$ $(X= (x_{1}, \cdots, x_{r}) \epsilon X, i=1, \cdots, r)$
is the $i$ -th partial derivative of $f$ .
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From now on, we suppose that $f\in C(\chi)$ has the
property $(MVP)$ assoc iated wi th the system (3).
Lemma 1. Let $\varphi$ be a $po\mathrm{s}\dot{\mathrm{t}}$ tive $l\dot{\mathrm{t}}$near functi onal on
$C(X)$ nith $\varphi(1_{\chi})$ $=1$ and $y\in$ X. Let $\{g_{1} , g_{2}, , g\mathrm{f}\mathrm{f}\mathrm{l}\}$
be a ftnite subset of $G$ , $p>1$ and $\delta>0$ . Then
(4) 1 $\varphi(f)$ $-f(y)|$ $\leq\sum_{\dot{\mathrm{t}}=1}^{r}1f_{i}(y)||\varphi(h_{i})$ $-$ $h_{i}(y)|$







$-$ $g_{\dot{\mathrm{t}}}(y)1^{p}$ $(X, y\epsilon X)$ .
$i=1$
Proof. For all $x\in\chi$ , we define
$F(X)$ $=f(x)$ $-f(y)$ $\sum rf_{\dot{\mathrm{t}}\dot{\mathrm{t}}}(y)(h$ $(_{X)} -h_{\dot{\mathrm{t}}}(y))$ .
$i=1$
Then we have
(6) 1 $\varphi(f)$ $-f(y)| \leq\sum_{i=1}^{r}|f_{i}(y)||\varphi(h_{i})$ $h_{i}(y)|$ $+$ $|\varphi(F)|$ .
Let $1/p+1/q=1$ . Since by (1) , (2) and (5) ,
1 $F(x)|$ $\leq$ $\sum r$ $1f_{\dot{\mathrm{t}}}(\epsilon_{i})$ - $f_{i}(y)|1h_{i}(x)$ - $h_{i}(y)|$
$i=1$
$\leq\sum_{i=1}^{T}(1+\delta^{-1}d(\xi i’ y))$ to $(f_{\mathrm{i}} ; g_{1}, \cdots, g_{m}, \delta)1h_{i}(X)$ $-h_{i}(y)$
$\leq\sum_{i=1}^{r}(1+\delta^{-1}d(X, y))1h_{i}(X)$ $-h_{i}(y)|$ co $(f_{i} ; g_{1}, \cdots, g_{\mathfrak{X}}, \delta)$
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$\leq\sum_{i=1}^{r}$ (1 $+$ $\delta^{-1}(\Phi(_{X}, y))$ )$1/P1h_{i}(_{X})$ $h_{i}(y)|$ to $(f;gi1 , \cdots, g_{\mathrm{m}}, \delta)$
$\mathrm{a}\mathrm{P}\mathrm{P}^{1}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\varphi$ to both sides of this inequality with $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{P}^{\mathrm{e}}\mathrm{C}\mathrm{t}$
to the variable $x$ and using H\"older $\mathrm{S}$ inequality, we get
$|\varphi(F)|$ $\leq\sum_{i=1}^{r}((\varphi(|h_{i}- h_{i}(y)1_{\chi}|^{q_{)}})^{1/}q$
$+$
$s^{-1_{(\varphi}}(\mathrm{o}(\cdot, y)))^{1/p}$ $(\varphi(\mathrm{I}h_{\dot{\mathrm{t}}}- h_{\dot{\mathrm{t}}\chi}(y)1|^{q}))1/q\mathrm{I}$
$\mathrm{x}\iota 0(f\cdot. g\dot{\mathrm{t}}1’\ldots, g_{m}, \delta)$ ,
whi ch together wi th (6) implies (4).
Let $\{L_{\alpha} : \alpha\in D\}$ be a net of unital positive linear
operators of $\mathrm{C}(X)$ into $B(X)$ . If $f\in B(X)$ and $g\in G$ , then
we define
$\omega_{\alpha}(f, g)$
$=$ $\inf\{(1 +\mathrm{g}^{\backslash })|1-1(P/(u\alpha p-1))(g)11^{1-1/p}$
$\mathrm{x}\mathrm{J}0$ ($f;g_{1},$ $\cdots,$ $g_{m}$ , $\epsilon||.m\sum\mu_{\alpha}(p)(g_{\mathrm{i}})||^{1}/p$ ) : $p>1$ , $\epsilon>0$ ,
$\mathrm{t}=1$
$g_{1},$ $\cdots,$ $g_{m}\epsilon G$ , $|| \sum_{=\dot{L}1}^{m}u_{\alpha}^{(p})(g)i||$ $>0$ , $m=1,2,$ $\cdots\}$ .
Using this quantity, we are now in a position to
recast Theorem A in a quantitative form with the rate of
convergence of $L_{\alpha}(f)$ for a function $f$ having the
property $(MVP)$ as sociated $\mathrm{w}\mathrm{i}$ th the system (3).
Theorem 1. For ab $b\alpha\in D$ ,
(7) $||L_{\alpha^{(f}})-f||$ $\leq\sum_{\dot{\mathrm{t}}=1}^{r}\mathrm{I}|f|1|1L_{\alpha}i(h_{i})$ $-$ $h_{\dot{\mathrm{t}}}1\mathrm{I}$ $+$ $\sum_{i=1}^{r}(0_{\alpha i}(f , h_{i})$ .
Proo $\mathrm{f}$ . Making use of Lemma 1 with $\varphi(\cdot)$ $=L_{\alpha}(\cdot)(y)$ and
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taking the supremum over all $y\in X$ , we have
$||$




$+$ $(1$ $+$ $\delta^{-1}||\sum_{i1}m=\mu_{\alpha}(p)(g_{\dot{\mathrm{t}}})||^{1/p})$
$\mathrm{x}$ $\sum_{i=1}^{r}||\mu_{\alpha}(p/(p-1))(h_{i})||^{1-1/p}\omega(fg_{1}i^{;}’\ldots, g_{\mathrm{m}}, \delta)$ .
Therefore, putting $\delta$ $= \epsilon||\sum_{i1^{\mu_{\alpha}}}^{\mathrm{m}(}=p$ ) $(g_{i})||^{1/p}>0$ in the
right hand side of the above inequality, we establish
the desired $\mathrm{e}s$ timate (7).
Let $T$ be as in Theorem B. If $f\in B(\chi)$ and $g\in G$ , then
we define
$i\mathit{0}\alpha^{(r}$ ; $f,$ $g$ ) $=$ $\inf\{(1 + \mathrm{e}^{-1})$ Il $L_{\alpha}(\mu(p/(p-1))(T;g))||1-1/p$
$\mathrm{x}\iota 0$ ($f;g_{1}$ . $\cdots,$ $g_{m}$ . $\epsilon||.\sum mL_{\alpha}(\mu(p)(T;g)i)||^{1/p}$ ) : $p>1$ , $\epsilon>0$ ,
$\mathrm{t}=1$
$g_{1},$
$\cdots$ . $g_{m}\in G$ , $||_{i} \sum_{=1}^{m}L_{\alpha}(\mu(p)(T;gi))||$ $>0$ , $m=$ $1$ , 2, $\cdots$ }.
Concerning the degree of convergence in Theorem $\mathrm{B}$ ,
we have the following:
Theorem 2. For all $\alpha\in D$ ,
(8) II $L_{\alpha}(f)$ - $T(f)$ II $\leq\sum_{i=1}^{r}11f_{\dot{\mathrm{t}}}$ II II $L_{\alpha}$ (I $T(h_{\dot{\mathrm{t}}})$ - $h_{\dot{\mathrm{t}}}|$ ) II
$r$
$+$ $\sum\omega_{\alpha}(T.\cdot f, h_{i})$ .
$i=1$
Proo $\mathrm{f}$ . Applying Lemma 1 to $\varphi(\cdot)$ $=$ $T(\cdot)(y)$ wi th any
fixed $y\in$ X, we get
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(9) $|T(f)$ $-f1$ $\leq\sum_{\dot{\mathrm{t}}=1}^{r}|\mathrm{I}f_{i}|||T(h_{\dot{\mathrm{t}}})$ $-h_{\dot{\mathrm{t}}}|$
$+$ $(1+ \delta^{-1}(_{\dot{\mathrm{t}}1}\sum_{=}^{m}\mu(Tp).)(.g\dot{L}1^{1}/p)$
$\mathrm{x}\sum_{\dot{\mathrm{t}}=1}^{r}(\mu T(p/(p-1))_{(};h)i)1-1/p$ to $(f_{i} ; g_{1}, \cdots, g_{\mathrm{m}}, \delta)$ .
Now let $\psi$ be a positive linear functional on $C(\chi)$ with
$\psi(1)X$ $=$ $1$ . Applying $\psi$ to both $s$ ides of (9) and using
H\"older ’ $\mathrm{s}$ inequali $\mathrm{t}\mathrm{y}$ , we obtain
I $\psi(\tau(f))$ $-\psi(f)|$ $\leq\sum_{i=1}^{r}|\mathrm{I}f|1\psi i$ (I $T(h_{i})$ $-h_{i}|$ )
$+$ $(1+ \delta^{-1}(_{\dot{\mathrm{L}}1}\sum_{=}^{m}\psi(\mu(T;g(p)))\dot{\mathrm{t}})1/p)$
$\mathrm{x}\sum_{\dot{\mathrm{t}}=1}^{r}(\psi(\mu^{(}.h))\mathrm{I}^{1}p/(p-1))_{(r.i}\omega(f-1/pi1;g, \cdots, g_{\mathfrak{X}}, \delta)$ .
Take $\psi(\cdot)$ $=$ $L_{\alpha}(\cdot)(x)$ , where $x$ $\mathrm{i}\mathrm{s}$ an arbitrary $\mathrm{f}$ ixed
point of $X$ . Then, since $L_{\alpha}T=T$ , we have
1 $T(f)(x)$ $-L_{\alpha}(f)(x)|$ $\leq\sum_{i=1}^{r}||f_{i\alpha}1|L$ (I $T(h_{\dot{\mathrm{t}}})$ $-h_{i}|$ ) $(x)$
$+$ $(1+ \delta^{-1}(_{i=}^{m}\sum_{1}L_{\alpha^{(\mu(g}i}(\mathrm{P})T;))(x)\mathrm{I}^{1/}p)$
$\mathrm{x}\sum_{i=1}^{r}(L(\mu(p(_{\mathrm{P}^{-}}1))T\alpha(/;h\mathrm{i}))(x))1-1/p\omega(f_{\dot{\mathrm{t}}} ; g_{1}, \cdots, g_{m}, \S)$
which implies
11 $L_{\alpha}(f)$ - $T(f)$ II $\leq\sum_{i=1}^{r}$ Il $f_{i}$ II II $L_{\alpha}$ (I $T(h_{i})$ - $h_{i}1$ ) II
$+$ $(1+ \delta^{-1}||\sum_{\dot{\mathrm{t}}=1}L$ ( $\mu^{(}$ (T
$p)$ ..$gm\alpha i$ ) $)||1/p)$
$\mathrm{x}\sum_{\dot{\mathrm{t}}=1}^{r}\mathrm{I}\mathrm{I}$$L_{\alpha}(\mu(p/(p-1))_{(i}-1/p\tau;h))||^{1}$ co $(f;gi1 , \cdots, g_{\mathrm{m}}, \delta)$ .
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Thus putt ing $\delta=$ $\epsilon||\sum^{m}Li=1\alpha(\mu(p)(T;gi))[|^{1/p}>0$ in the
right hand side of the above inequali ty, we establish
the de $s$ ired $\mathrm{e}s\mathrm{t}$ imate (8).
In the rest of this section it is moreover assumed
that
$T(g^{\dot{\mathrm{t}}})$ $=g^{i}$ $(g\epsilon G, \dot{\mathrm{t}}=1, 2, \cdot. . , k- 1)$ ,
where $k$ is an even positive integer. In addition,
we suppose that each $L_{\alpha}$ maps $C(X)$ into itself and
$L_{\alpha}(g^{k})$ $=g^{k}+\xi_{\alpha}(\tau(g^{k}) -g^{k})$
for all $\alpha\in D$ and all $g\in G$ , where $\{\epsilon_{\alpha} : \alpha\in D\}$ is a net
of real numbers with $0<\xi_{\alpha}<1$ . For $f\in B(\chi)$ and $\delta>0$ ,
we define
$-1$
$\Omega(f, \delta)$ $=$ $\inf\{(1 + \epsilon )$
$\mathrm{x}\omega$ ($f.\cdot g_{1},$ $\cdots,$ $g_{m}$ , $\delta 8||^{m}\sum_{i=1}$ $(T(g_{i})k -\mathrm{g}^{k})|i|^{1}/k$ ): $\epsilon>0$ ,
$g_{1},$ $\cdots,$ $g_{m}\epsilon G$ , $||_{i=}^{m} \sum_{1}$ $(T(g^{k})\dot{\mathrm{t}} -\mathrm{g}_{i}^{k})||>0$ , $m=1$ , 2, $\cdots$ }.
Using this quantity, we have the following result
which is more convenient for later applications.
Coro llary 1. Let $b^{n}$ : cx $\epsilon D$ } be a net of $p_{\mathit{0}S\dot{\mathrm{b}}t}\dot{\mathrm{t}}ye$
tntegers and Let $L_{\alpha}n_{\alpha}$ denote the $n_{\alpha}-\dot{\mathrm{t}}terat\dot{L}on$ of $L_{\alpha}$ for
each $\alpha\in$ D. Then for $all$ ct $\epsilon D$ , we have:







$v_{\alpha}^{(k)}$ $=$ $||\mu(k/(k-1))(L_{\alpha}$ ;$h\mathrm{I}n_{\alpha}|\dot{\mathrm{t}}|1-1/k$
and
$\mathrm{e}_{\alpha}=$ (1 $-$ $(1-\xi_{\alpha})^{n_{\alpha}}$ ) :
$n/k$







Indeed, by induction on the degree of iteration,






for all $\alpha\in D$ and all $g\in G$ . Thus (10) and (11) follow
from Theorems 1 and 2, respectively.
3. Appl $\mathrm{i}$ cat $\mathrm{i}$ ons
Let $\mathbb{N}$ denote the set of all non-nagative integers.
Let { $a$ : ct $\epsilon D$ , $n\in \mathbb{N}$ } be a family of non-negative
$\alpha’ n$
real numbers with $\sum_{n=0}^{\infty}a_{\alpha,n}=$ $1$ for each $\alpha\in D$ , and let
$\{L_{n} : n\in \mathbb{N}\}$ be a sequence of unital positive linear





(ct $\epsilon D$ ),
which converge $s$ in $B(\chi)$ . Let $\{\mathrm{W}(t) : t\geq 0\}$ be a family of
unital positive linear operators of $C(X)$ into $B(\mathrm{X})$ such
that for each $f\in C(X)$ , the mapp ing $t$ $|arrow \mathrm{W}(t)(f)$ $\mathrm{i}\mathrm{s}$
$s$ trongly continuous on [ $0.$ $\infty)$ . Let $\Psi$ be a non-negative
continuous function on $[0, \infty)$ and $\{v_{\alpha} : \alpha\in D\}$ a net of
positive real numbers with $\lim_{\alpha}v_{\alpha}$ $=$ $0$ or $\lim_{\alpha}v_{\alpha}$ $=$ $+$ $\infty$ .
For any $f\in C(X)$ , we def ine
$\mathrm{c}_{\alpha^{(f)}}$
$=$ $\frac{1}{v_{\alpha}}\int_{0}^{v_{\alpha}}W(\Psi(t))(f)dt$ $(\alpha\epsilon D)$
and
$R_{\alpha}(f)$ $=v_{\alpha} \int_{0}^{\infty}\exp \mathrm{t}-v\alpha^{t})\mathrm{W}(\Psi(t))(f)dt$ $(\alpha\epsilon D)$ ,
which exi st in $B(\mathrm{X})$ .
All the operators given above are unital positive
linear operators of $C(X)$ into $B(\chi)$ and our general
results obtained in the preceding section are applicable
to them. In particular, for applications of Corollary 1
it is convenient to make the following definition: Let $S$
be a positive projection operator of $C(\chi)$ onto a closed
linear subspace of $C(X)$ containing $A(\chi)$ . $\{\mathrm{S}_{\alpha} : \alpha\in D\}$
a net of unital positive linear operators of $C(X)$ into
itself and $\{x_{\alpha} : \alpha\in D\}$ a net of non-negative real
numbers. We $s$ ay that $\{\mathrm{S}_{\alpha}\}$ $\mathrm{i}\mathrm{s}$ o.f type $[\mathrm{S}; x_{\alpha}]$ if
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$S_{\alpha}\mathrm{S}=S$ and $S_{\alpha}(g^{2})$ $=g^{2}$ $+x_{\alpha}(\mathrm{S}(g^{2}) - g^{2})$
for all $\alpha\in D$ and all $g\in A(\chi)$ .
Now we consider the case where $X$ is a compact convex
subset of $E=\mathbb{R}^{r}$ and let $C^{(1)}(X)$ denote the space of
all continuously differentiable functions on $\chi$ . Let
$\{L_{\alpha} : \alpha\in D\}$ be a net of unital positive linear operators
of $C(\chi)$ into $B(X)$ . If $1 \mathrm{I}\sum_{i1}^{r(2)}=\mu\alpha(e_{i})$ II $=$ $0$ , then $L_{\alpha}=$ $I$
(cf. [10; Lamma 2] , [12; Lemma 1]). Thus we alway $s$
cons ider the case where $|| \sum_{i1^{\mu_{\alpha}}}^{r(}=2$ ) $(e_{i})||$ $>0$ for each
$\alpha$ $\in$ $D$ . Then for all $f\in$ $B(X)$ . $\alpha\in$ $D$ and
for $j=$ $1$ , 2 , , $r$ , we have
$\omega_{\alpha}(f, e_{j})$
$\leq\inf\{(1 + \epsilon^{-1})||\mu\alpha(2)(\mathrm{e}_{j})||^{1/2}$
$\mathrm{x}\mathfrak{c}0$ ($f$ , $\epsilon||\sum_{i=1}^{r}u_{\alpha}(2)(e_{i})||^{1/2}$ ): $\epsilon>0$ }.
Therefore, in view of Remark 1 , we extend the results of
Censor [2] (cf. [7]) and give a quantitative ver $s$ ion of
Korovkin type convergence theorem due to Karlin and
Ziegler [4] for all functions in $\mathrm{C}^{(1}(\mathrm{x}$).
In particular , we take $X=$ II
$r$
’ the uni $\mathrm{t}$ $r$ -cube, $\mathrm{i}$ . $\mathrm{e}$ . ,
$\mathrm{I}_{r}=$ $\{X= (x_{1}, \cdots, x_{r}) \in \mathbb{R}^{r} : 0\leq x_{i}\leq 1, i= 1, \cdots, r\}$ ,
and let $F$ be the closed linear subspace of $C$ (II $r^{)}$ spanned
by the set
$\{e_{1}m_{1} e_{2}m_{2} e_{r} :m_{r} m_{i}\in \{0,1\}, i= 1. 2, \cdots, r\}$ .
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Let $\{B_{n} : n\geq 1\}$ be the sequence of the Bernstein
operators on $C$ (I $r^{)}$ , given by
$B_{n}(f)(X)$ $= \sum_{m_{1}=0}^{n}$ $\sum_{m_{r^{=}}0}^{n}f(m_{1}/n, \cdots, m_{r}/n)$
$\mathrm{x}$ $i=1\pi r$ $x_{i}m_{i}$ $(1 -x_{i})^{n}-m_{\dot{\mathrm{t}}}$
for $f\in C$ (II $r^{)}$ and $x=$ $(x_{1}, \cdots, x_{r})$ $\epsilon$ II
$r$
(see, $\mathrm{e}$ . $\mathrm{g}$ . , [61).
Then it can be verified that $B_{1}$ is a positive projection
operator of $C$ (II $r^{)}$ onto $F$ and that $\{B_{n}\}$ $\mathrm{i}\mathrm{s}$ of type
$[B_{1}\cdot. 1/n]$ . Consequently, if $L_{0}$ $=$ $I$ , $L_{n}=B_{n}$ , $n\geq 1$ , then
$\mathrm{t}r_{\alpha}\}$
$\mathrm{i}\mathrm{s}$ of type [ $B_{1}\cdot.$ $\sum_{n=1^{a_{\alpha,n^{/n]}}}}^{\infty}$ , and so Corollary 1 can
be applied to these operator $s$ . In particular, concerning
the degree of approximation by iterations of the
Bernstein operators we have the following estimates: Let
$\{k_{n} : n\geq 1\}$ be a sequence of positive integers. Then for
all $f\in C^{(1)}$ (II $r^{)}$ and all $n\geq 1$ ,
(12) $||B_{n}k_{n_{(f)}}$ $-f||$ $\leq\frac{r}{2}(1-\wedge$ $(1-$ $\frac{1}{n}\mathrm{I}^{k_{n}})^{1/2}$
$\mathrm{x}$
$\sum r\inf$
{ $(1+\epsilon^{-1})$ co $(fi’$ (1 -(1 - $\frac{1}{n}$) $)/28\sqrt\overline{r}/2)k_{n}1$ : $\mathrm{e}>0$ }
$i=1$
$\leq\frac{r}{2}\sqrt{k/n}n\sum_{\dot{\mathrm{t}}=1}^{r}\inf\{(1+\epsilon^{-1})\omega(f_{\dot{\iota}}, \epsilon\sqrt{k/n}n\sqrt{r}/2) : \epsilon>0\}$ ,
and
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(13) $||^{k_{n_{(}}}B_{n}f)$ $-B_{1}(f)||$ $\leq\frac{r}{2}(1-\frac{1}{n})^{k_{n}/2}$
$\mathrm{x}\sum_{i=1}^{r}\inf$ $\{(1 +\epsilon^{-1})\omega(fi , (1-\frac{1}{n})^{k_{n}/2}8\sqrt{r}/2) : \epsilon>0\}$ ,
where $f_{i}$ stands for the $\dot{\mathrm{t}}$ -th partial derivative of $f$ .
Taking $\epsilon=$ $2/\sqrt{r}$ , (12) and (13) yield
(14) $||^{k_{n_{(}}}B_{n}f)$ $-f||$ $\leq\frac{r}{2}(1+\frac{\sqrt\overline{r}}{2})(1$ $(1$ $- \frac{1}{n}))k_{n}1/2$
$\mathrm{x}\sum_{i=1}^{r}\omega(fi$ . $(1-$ $(1- \frac{1}{n}\mathrm{I}^{k_{n}})^{1/2})$
$\leq\frac{r}{2}(1+\frac{\sqrt\overline{r}}{2})n\sqrt{k/n}\sum_{i=1}^{r}\iota 0\mathrm{t}f,$$\sqrt{k/n})in$
and
(15) $||^{k_{n_{(}}}B_{n}f)$ $-B_{1}(f)|| \leq\frac{r}{2}(1+\frac{\sqrt{r}}{2})(1-\frac{1}{n})^{k_{n}/2}$
$\mathrm{x}\sum_{\dot{\mathrm{t}}=1}^{r}\omega(fi’(1-\frac{1}{n})^{k_{n}/2})$ ,
respectively. In particular, if $r=1$ , then (14) and
(15) reduce to
$||^{k_{n_{(}}}B_{n}f)$ $-f|| \leq\frac{3}{4}(1-$ $(1- \frac{1}{n})^{k_{n}}\mathrm{I}^{1/2}$
$\cross$ $\omega(f’,$ $(1-$ $(1- \frac{1}{n})^{k_{n}}\mathrm{I}^{1/2})$ $\leq\frac{3}{4}\sqrt{k/n}n\omega(f’, \sqrt{k/n})n$
’
which is given in [6; Theorem 1.6.21 for $\{k_{n}\}$ $=$ {1} and
$||B_{n}k_{n_{(f)}}$ $-B_{1}(f)|| \leq\frac{3}{4}(1-\frac{1}{n})^{k_{n}/2}\omega(f’,$ $(1- \frac{1}{n})^{k/2}n)$
$\mathrm{r}\mathrm{e}$spectively (cf. [7], [8], [9]).
Statements analogous to the above-mentioned results
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may be derived for the case where $B$ $n\geq 1$ , are the
$n$
’
Bernstein operators on $C(\Delta_{r})$ with the standard $r$-simplex
$\Delta_{r}=$ { $x=$ $(x_{1}, x_{2} , \cdots, x_{r})$ $\epsilon \mathbb{R}^{r}$ :
$x_{i}\geq 0$ , $i=1$ , 2, $\cdots$ , $r$ . $x_{1}+x_{2}+$ $+x_{r}\leq 1$ },
given by
$B_{n}(f)(X)$
$=m_{\mathrm{i}}\geq 0$ , $\sum_{m_{1}+}\cdots+m_{r}\leq nf(m_{1}/n, \cdots, m_{r}/n)$




$x_{1}m_{1}x_{2}m_{2}$ . . .
$x_{r}$
$(1m_{r} -x_{1} -x_{2} - -x_{r})^{n^{-}m-m_{2^{-}}}1\ldots-m_{r}$
for $f\in C(\Delta_{r})$ and $x=$ $(x_{1}$ , $\cdot$ . . , $x_{r})$ $\in\Delta_{r}$ (see, $\mathrm{e}$ . $\mathrm{g}$ . , [6]).
These can be obtained in the very general setting, and
we refer to [16] for the details.
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